THEOREM I (generalized Khintchine). For almost all complex numbers z. there are infinitely many pairs p, q~V ~ -d so that

Iz-P/ql <<-a(Iql) and ideal (p, q) = #(X/
-
217
This theorem is proved in a more precise form in w 9. In each of these two theorems there is also a quantitative assertion that the number of times the desired approximation or the lim sup is achieved is infinitely often as large as the corresponding diverging integral (w 2).
Finally, in w 10 we discuss briefly an application of this disjoint sphere method to the Hausdorff geometry of limit sets of geometrically finite Kleinian groups the original motivation for this work.
Acknowledgement. The connection between geodesic excursion on 1-12/PSI(2, Z) and Khintchine's metric theory was pointed out to me by David Kahzdan when 1 conjectured Theorem 2 to him. He also explained how most of the generalization of Khintchine's proof would go. Two other ideas in the proof, w167 2 and 3, were derived during discussions with Jon Aaronson and Dan Rudolph.
I also benefited from discussions about rational approximation with Wolfgang Schmidt whose quantitative result (1960) in the real case is presently beyond the discussion here of Khintchine's results, Finally, a literature search beginning with A. L. Schmidt's paper (Acta Math., 1975) on continued fractions of Gaussian integers [ASc] led to the paper of W. J. LeVeque (1952) where he proves the Khintchine metrical theorem (a variant of our Theorem 1) for the gaussian field Q(~/-1 ). LeVeque also makes use of the disjoint spheres, a suggestion of K. Mahler, but in a different part of his paper. More generally, we see the direct half of Khintchine's theorem: if E q a(q)< ~, then lx-p@<a(q)/q has finitely many solutions for almost all x.
Remark. It is worth noting that the q-2-, result is also true for algebraic numbers (the celebrated Roth theorem) and the proof is very difficult. It is unknown whether algebraic numbers also behave like random numbers for the a(q)/q result or for the positive results describedbelow. Ironically, we need to control the overlapping to insure [A~[>0. The standard BorelCantelli lemma is Proposition 1 and the statement that the converse is true if the A/are independent in the sense of probability. Independence implies [AjlNAj~fl...flAjn[= [AjI['[Aj2[... [Ajn[. Actually, much less is needed, and this seems to be less well known.
PROPOSITION 2 (quasi-independent Borel-Cantelli). Suppose EilAil =~ and there is a constant c~ l so that for i<j, IaenAil<.clael.lAj[. Then [a~l>0,  Remark. In an earlier paper with Jon Aaronson [AS] The geometric device is a countable collection C of (interior disjoint) circles in H + resting on points x~,x2 .... of/. Fix some number Q<I and say two real numbers have the same p-size if they belong to one of the intervals (pn+~, 0n] . Group the circles into collections whose diameters have the same p-size.
Because the circles are interior disjoint there can be no more than M 1/s circles of a given size s.(~) Say that a size s is good for the collection of circles C if there are at least M l/s circles of size s. (f(s)rNg(s) means the log of the ratio is bounded.)
Now consider 0<a(x)<~ 1 where a(x) only varies in a bounded ratio for the numbers of a certain size, s. For each size s let As denote the union of intervals of length a(ri) ri centered at {xi} where {xi} is the set of the resting points of circles of size s and {ri} are the corresponding radii. We will write a(s)s for a(ri)ri. Proof. We ignore fixed constants. Then we estimate the number of intervals of A~: contained in one of the larger intervals Of As. This estimate is the maximum of 1 and a(sl) sl/s 2 because the smaller intervals are s2 apart, and the larger interval has size a(sl)sl. We will see below that a(sOsl/sz~l(in fact a(sl)2Si/S2>-l).Thus (i) ~, ~>, X' mean respectively: the ratio Of the tWO related quantities is bounded above, below or both by fixed constants.
IAs, n A,2I~<//a(sO sl \1 (a(s 2) s 2) (number of intervals in A,)
Because s2 is a good size [asJ=a(s2) .Thus for some c, [a,t nAsJ<Clast Ilaszl. To finish the proof consider the figure
We (ii) the disjoint circles of different sizes keep intervals disjoint while the crucial inequality a(sOs~/sz~l is not satisfied. Essentially only this point was missing from the discussion with Kahzdan. Using the continued fraction construction, translating, inverting etc., which preserves circles, it is easy to derive the above figure: disjointness, position (p/q), and sizes (l/q2). We offer another proof using discrete groups (in this case PSI(2, Z)) in w 7.
The number of p<<-q relatively prime to q is on the average ~>constant.q (an easy estimate with the Euler cp-function). The number of circles over the unit interval of a given size (w 1) s=(Q € Qn), is the number of pairs (p, q) with p<<.q, p relatively prime to q, and 1/q 2 6 s.
Thus q varies between a number N and a (constant >l) times N. So for q large we are integrating a quantity on the average as big as q over an interval of size q. We obtain r~q 2 circles of size I/q 2 for every size. (The discrete group proof is in w 6.)
For the collection of disjoint circles in the figure then every size is good. This geometric information about the rationals is the only arithmetic structure used in our proof of Khintchine's theorem. Now let 0<a(x)~<l be a function of xr[1, o0) which up to a bounded ratio only depends on the size of x (e.g. a(x) is smooth and la'xl<constant.a(x)).
THEOREM 3. For almost all reals x there are infinitely many solutions
Remark. This seems to be a new variant of Khintchine's theorem. It is known some condition on the a(x) is required (besides a divergence condition). In the usual statement one assumes a(q)/q is monotone decreasing. We have merely assumed that the size of the desired approximation only depends on the size of the denominator q.
The proof is new, with the arithmetical and geometrical parts separated.
Proof. Consider sets As defined by placing intervals of the desired approximation size a(q)/q z about those p/q with 1/q 2 of size s.
Since all sizes are good (by the above discussion) we have by If q2 varies in a bounded ratio so does q and therefore also a(q). Thus 2 ]As[= means Zia(xi)= oo where x;-I ranges over the sizes Q;. By the regularity property of a (x) this is equivalent to J'o a(Ot)dt=~. If x=o', this is equivalent to J'7 (a(x)/x)dx=~.
Since approximation properties are invariant under rational translations the set of positive measure must be of full measure.
Q.E.D.
Quantitative form. Let n(x, N, a) Remark. W. Schmidt (1960) proves a better quantitative result: the limsup is replaced by a limit and the error is estimated. Schmidt's proof uses more of the arithmetic structure of the situation than the simple properties of Figure 5 used here.
Our quantitive result can be added as is to the generalized Khintchine, w 7, and to the logarithm law for geodesics, w 9, because only the simple properties of Figure The-boundary effect is treated using ttfe fact that the Lebesgue area is only increased by a factor if the large disk is increased by a factor. The integral counts e -dr" (number of F orbit balls approximately t away from a fixed lift of B). Thus the number of orbit points in fixed width spherical shells is caught between two constants times e tit, t the radius.
Note. This mixing was used over l0 years ago by Margulis to derive this kind of estimate.
On the other hand the orbit of B falls into groups uniformly distributed on the horospheres (spheres in Hd+l/[" tangent to R d) along the F orbit of one cusp: Figure 10 . (2) For a compact set of R a, sizes of horospheres resting there are comparable to the corresponding sizes of horospheres in the unit ball which are the image by stereographic projection. Thus we may work in either model.
(3) We refer to the term e -a(xo'yx~ as the solid angle of (a unit object at) yx0 as viewed from x0. Now the total solid angle of the part of the orbit inside a ball of radius T about x0 is at most ce ~. By the mixing argument above the solid angle in a spherical shell of unit width is at least c'e r, for T sufficiently large.
If we recollect the solid angle on each horosphere and move it to the orbit point closest to Xo, /@~ becomes we only increase this solid angle by a definite factor.
~ ~ horospheres
Thus the recollecting process'only loses from the shell an amount of solid angle at most ce r. By considering shells of width k thick enough we can be sure that at least c"e r remains in each such thick shell. This will mean there are c"e r (at least) horospheres with their tops in the successive shells [T, T+k].
Q.E.D. Proof. If the element 7 -~ is the composition of an inversion about a sphere with center p/q and radius R followed by a Euclidean reflection, then R is the radius of the circle ]I/(qz+r)12=l, i.e. R=l/lq I. Thus V-~ takes a sphere resting at p/q of diameter l/]q I to a horizontal plane at height 1/]q I. It follows a plane at height 1 is carried by ~ to a sphere of diameter 1/Iql 2 resting at p/q. 
For almost all complex numbers z there are infinitely many pairs p, q E 0 • v a satisfying
Iz-p/ql <<-a(lql) 
Remark. For a(Iql)---1, this was proved by Swan for all but a certain countable set of z.
Proof. We follow the proof of Khintchine's theorem in w 3. We have calculated the positions and sizes of the disjoint spheres in the proposition above. They are disjoint by the discussion of w 5 and there are enough of them by the discussion of w 6.
We construct disks around the bases ofp/q of size a(s)s where sE 1/]q] 2 and we apply the Borel-Cantelli of w 4 to prove the result.
w 8. Disjoint spheres and geodesic excursions
Consider the Figure 13(a) , in which a geodesic of I-Id+llF=V viewed in lid+! heads toward a definite point at infinity entering and leaving a sequence of disjoint horospheres which are those of a cuspidal orbit.
In the quotient V these horospheres project to the cuspidal end and Ihe geodesic of Figure 13 (b) enters the end at time t, reaches a maximum penetration at time t' and leaves the cusp at time t". (See Figure 14 .)
The distance penetrated is comparable to the log of the ratio of diameters d/d'.
Also up to an additive constant the time t at which a geodesic reaches a point y away from the boundary satisfies y=e -t. 
I~-bil < riai -d i -(ti-d i)
where ai=e and ri=e .
Thus the excursion pattern of a random geodesic into a cuspidal end is equivalent to the approximation of the random point on the boundary of H d+l by the bases of horospheres in that cuspidal orbit.
t' w 9. The logarithm law for geodesics Let F be a discrete group of hyperbolic isometries of H d+! so that V= I-Id+I/F has finite volume. Let dist v(t) denote the maximum of 1 and the distance from a fixed point in V to the point achieved after traveling time t along the geodesic starting in direction v.
THEOREM 6. For almost all starting directions v,
Proof. In this section we study the density function of p,/~(~, r)=the # mass of an r-disk on the sphere centered at ~ (in the 0-metric).
In w167 and 6 of [82] the estimate /~(~, r) ~ rD" exp ((k(v(t) 
was derived, where v points toward ~CA, r=e-t,v(t) and distv(t) are as in w and k (v(t) ) is the rank of the cuspidal end where v(t) is--assuming dist v(t) is larger than a convenient constant. 
